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ABSTRACT

In the literature on optimal indemnity schedulesieémnities are usually restricted to be
non-negative. Keeler (1974) and Gollier (1987) shioat this constraint might well bind:
insured could get higher expected utility if ingura contracts allowed payments from
the insured to the insurer for some (small) los€essidering these results and some ex-
tensions provided in this paper, it turns out thate should be a case for negative in-
demnities in health insurance. To find some reasdnsnegative indemnities are not
observed in practice, the paper’s final sectiorouhtices asymmetric information and
shows that moral-hazard may change the resultgetefor the case of symmetric infor-
mation considerably.
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1. Introduction

An insurance contract is usually defined as aneagemt between an insurer and
an insured in which the insurer promises to pay-megative indemnities depend-
ing in the amount of loss suffered by the insufedwhich in return the insured
pays a fixed premium irrespective of the statenefworld. To restrict indemnities
to be non-negative appears to be most sensibleg dirprevents risk averse in-
sured to become insurers themselves. However, ateKé€L974) and Gollier
(1987) point out, this restriction can be bindireg §ome loss distributions. In
other words, under certain circumstances, the @iskse) insured can get higher
expected utility if they are allowed to sign cowtsathat provide for payments
from the insured to the insurer for some lossess Tésult holds even for a risk

neutral insurer.

While Keeler presents the basic idea in a strikinigituitive way, Gollier is
mathematically more specific and obtains the foltaywesults for insurance con-
tracts that do not impose a non-negativity constran indemnities under sym-

metric information:

1. As in insurance contracts of the usual deductiygbe (Arrow, 1971), op-

timal contracts show a (non-negative) lossthat acts as a deductible. For

all losses above the deductible marginal indemsitly, thus providing full

marginal insurance, and indemnity amounts {®) = x — x, for x> x, .

2. Optimal contracts might contain a (non-negativeysla_ with x_<x, .
For all losses between zero ard indemnity is negative and marginal in-
demnity equals 1. Consequently, indemnity paymemtx < x_ are given

by 1(X) =x-x_.
3. For all losses betweer and x, indemnities are zero

4. For the lower boundx_, it is true thatx_< F™(1/2), with F(x) repre-

senting the cumulative distribution function of des x. The practical

consequence of this result is that the non-neggtonstraint is never



binding if the probability of suffering a loss issk tharl/2, which is ob-

viously the case for many insured incidents.

This paper starts by generalizing Gollier's resultdich depend on a special
choice of the insurer’s cost function. It is shaotlvat marginal indemnity will gen-
erally be smaller than 1 and that the non-neggttainstraint on indemnities may

more likely be binding if we allow for more genecaist functions.

Given Gollier’'s and our results, the non-negatibnstraint should frequently be
binding in health insurance. However, negative imdiies do not play any role
in this branch of insurance. This could indicate thaurance schedules featuring
negative indemnities may be plausible under symmeatformation in the insur-
ance market but may fail to hold if moral hazarg@nssent. The last section of this
paper therefore investigates the applicability m$urance contracts featuring

negative indemnities in health insurance under hi@aard.

The basic properties of an indemnity schedule whltdws for negative indemni-
ties are introduced in section 2. Section 3 inges#és if the non-negativity con-
straint usually imposed on indemnity schedulescisialy binding. Finally, sec-
tion 4 introduces moral-hazard considerations. ilt e shown that indemnity
schedules featuring negative indemnities are apjatepin the case of self-

insurance but may not be optimal if we are conaat®ut pure self-protection.

2. The model

While Gollier gets his results by applying calcubfssariation, this paper will (in

line with Raviv (1979)) employ optimal control.

2.1 Assumptions

Let risk averse individuals have utility functido(A), U'(A) >0, U"(A) <0,
with A representing their net wealth. The risk neutraliies is supposed to re-
cover costs but to make zero expected profit. thm(P) therefore are equal to

expected indemnity plus administrative co€tswhich also emerge when indem-

nities are negative:



@ P={(09+c(ia])f 9ax,

Oty

with f(X) representing the density function of losses anthhe maximal possible
loss. Insured cannot affect the loss distributibfx) represents the (positive or
negative) indemnity. Marginal costs depend on alisahdemnities and are to be

positive and increasingi’QI (x)|)2 0 and C"QI (x)|)2 0.

In contrast, Gollier assumes costs to amour(t@E(|l (x)|)). Consequently, in his

model the premium reads as

2 P, :JL- I (x)f(x)dx+CU|l (x)|f(x)dxj.

0 0
While Gollier's premium function is adequate if tivesurer has to bear costs
which depend exclusively on the average amounbsdds (e.g. personnel, IT),
premium function (1) is more adequate if the insgreosts also depend on the
actual amount of losses, which seems to be morestieasince higher losses
might call for more investigations, expert repaisl so on. Furthermore, observe
that (1) is compatible with Gollier's premium furat (2) if marginal costs in (1)

are constan(C" = O). Therefore (2) can be regarded as a special ¢4d¢. o

Let w denote individuals’ exogenous wealth. The optimalrance contract is

found by maximizing insured’s expected utility

(3) fu(w— P - x+1(x))f (x)dx

w.r.t. 1(X) subject to (1). The common constralr{ix) < x is disregarded for two
reasons: First, this constraint does not make rnsealse in a model as long as we
do not allow for informational asymmetries, spexfly moral hazard. Second, it

will turn out that this restriction is not bindirmgyway if costs are strictly convex.



2.2 Optimal indemnity schedule

In order to solve this problem using optimal cohtwe introduce the following

state variablé:

X

@ 1 =-](e)+c(i(]))f (9ax.

0
The initial condition is thaf (0) =0. The terminal condition reads &¢L) = -P,

which corresponds to a zero-profit constraint foe insurer, i.e. the premiums
have to cover the insurer’'s expected expendituras. corresponding Hamilto-
nian is:

B)  H=Uw-P-x+1(x))f(x)=2109(1(x)+C(1 (])f (%)

Since the Hamiltonian does not depend on the staiable, it follows from Pon-

tryagin’s maximum principle thad'(x) = —Z—? =0, i.e. A is a constant. To find

the optimal indemnity schedule, the Hamiltoniawliféerentiated w.r.t.I (x) . Af-

ter rearranging terms, one has:

6  U'(w-P-x+1(x)=A0+c(1(x)])3gnt (x)).

For negative (positive) indemnities, this can begified to

7)) U'(w-P-x+1(x))=A0-C'(-1(x))) and
8) U'(w-P-x+1(x)=A@1+C'(1(x)),
respectively. Eliminatingd and combining (7) and (8) yields

U'Ww-P-x+1(x)  _U'(w-P-x+I(x)
(1_ C'(_ l (X))) ||(x)<0 (1+ C,(I (X))) || (x)>0.

As can be seen from (9), negative indemnities estricted: The marginal costs

(9)

they induce must be lower than 1. For indemnitigsreaching zero, (9) can be
approximated by
(10) U (w—P—x_)_U (W—P—X+).

t-c)  (@+c(0)

! For mathematical reference see Chiang (1992).
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According to (10)x_=x, for C’(O):O. However, for positive marginal costs
(c'(0)>0), the denominator on the rhs of (10) is greaten tha denominator on
the lhs. To compensate for this differentE(w—P - x,) must be greater than
U’(W— P- x_). Under the assumption of decreasing marginakytilhis can only
be the case ifx_ < x,. As negative indemnities are restricted, no pasitower

boundx_ can be determined &'(0)=1.

From (9) and (10) follows:

» The optimal indemnity schedule is characterizeé lbywer boundx_ and
an upper bound (i.e. a deductibbe). For losses lower thar_ indemni-
ties are negative (the insured pays the insurer)jdsses exceeding,
indemnities are positive. For losses betweenand x, no transfer be-

tween insurer and insured takes place.

» The distance betweer and x, depends on marginal costs lgtx) =0
and the insured’s risk aversion. The more risk ssrénsured, the smaller
the range of Iosse[s<_,x+] they have to bear completely. G:I’(O)=O the

values ofx_ and x, coincide.

For increasing marginal costs full marginal indetying not generally optimal.

dl (x)
o0X

Instead, <1. This can be shown by differentiating (6) w.xt.

U"(w-P-x+| (x))[€—1+ a'a(xx)j =
)I(C"QI (x)|)aa'(—x)j

0x

(11)

Substituting forA from (6) and solving for the marginal indemnﬂgﬁ yields:
X

a1 (x) _ 2+ (ool sar () w(A)
ox (1o sar(l 00)) " (A)-u (A1 ()

with A=w-P-x+1(X).

(12)




Finally, using the definition of absolute risk asien Ra(A) = -

u'(a)’
a1 (x) _ Ra(A)
3 o = (A)+ c'(1))
1+C'(1 (] ar(l (%))
Remember from (9) tha€'(-1(x))<1 for 1(x)<0. Therefore,Os%Sl.
Specifically:

* Marginal indemnity increases with insured’s rislkeesion. As risk aver-

sion approaches infinity, full marginal reimbursernkbecomes optimal.

« Constant marginal costs are confirmed to be spawaé of (13) with

C" =0, giving rise to full marginal reimbursement, ilé(x) =1.

However, in general optimal indemnity scheduled wall for less than full mar-

ginal indemnity and will look like the one shownfigure 1:

Figure 1: Optimal indemnity with increasing marginal costs

A

()|

\ 4

Figure 1 illustrates the results obtained so fa€'if0) >0. From (10) it is known
that x_ and x, coincide for infinitely risk adverse individualg figure 1 this

point is labelledX . It will be determined in more detail in the neeiction. How-

ever, for less risk averse individuals the two t8_ and x, are on the left hand

side and the right hand side ok, respectively, ifc'(0) >0. For lossesx < x_
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indemnity is paid from the insured to the insuiedémnities are negative). For
lossesx > x, indemnities are paid from the insurer to the iadu(indemnities
are positive). Losses between and x, are borne by the insured alone. Marginal
indemnity isO< dl (x)/0x <1 for all losses: For losses lower than, insured can
partly reduce their payments to the insurer, butfoiothe full amount of the loss;
a marginal increase of the loss will only entithsured to reduce their payments
by less than the marginal increase of the loss. Id3ses greater thax, the in-
sured are entitled to receive positive indemnityrpants from the insurer. How-

ever, marginal indemnity will again be lower tharsd that insured still have to

bear some marginal loss.

3. Is the non-negativity constraint binding?

Having derived the main properties of an insuraoccetract without the non-
negativity constraint on indemnities, it is usefwfurther explore the terms of the

optimal insurance contract. In particular, since< x, the upper bound fox_
and the lower bound fox, are of interest. Sincg_ and x, coincide for infinitely

risk adverse insured, both bounds have the same \abelledX in figure 1.
However, it may turn out that is non-positive or very small, in which case the
non-negativity constraint would not bind if indivdls are not infinitely risk

averse. The efficient insurance contracts in thisecwould be of the deductible

type.

To determineX remember that premiums depend on the actuariaityvalue of
expected (net-)indemnity payments plus administeatiost, which rise as trans-
fers between insurer and insured rise in absokr®g. Consequently, insured’s
losses in terms of expected wealth are lower iflgdsansactions between insurer
and insured are reduced. While, as noted befodtyiduals’ risk aversion and

marginal costs determine the distance betweremnd x, as well as the slope of

the indemnity function, the critical valug depends on administrative costs
alone. Expected transaction costs are minimizecimgrindemnity schedule by a

loss X that minimizes



(14) TCQ' (x— X)) (dx.

Differentiating (14) w.r.t.X yields the necessary condition

(15) i—C'QI (x- %))’ (x- %) Bgn(x— %) f (x)dx =0,

which is easier to read if written as

(16) TC'Q| (x—%))a'(x-%)f (x)dx = icm (x— %)) (x=%)f (x)ax.

Gollier (1987) has shown that if marginal costs @wastant, marginal indemnity
equals 1 (see also equation (13)) analways coincides with the median of the
loss distributiorf. Consequently, in this case the non-negativity traitg is never

binding if the probability of loss is lower thdf2 .

However, with non-constant marginal costs, thisilteso longer holds. Suppose
an asymmetric loss distribution with more massaw losses, as it is characteris-
tic for health insurance. IK coincided with the median, high losses would devi-
ate more fromX than low losses, causing higher absolute indeamitian low
losses do. Higher indemnities go along with higharginal costs. To prevent the
RHS of (16) to exceed its LHS, one has to chosesuch that equation (16) is
met again, while the distance betweenand x, is determined by equation (10)

and depends on the insured’s risk aversion andreinal costs at (x) =0.

Consequently, for sufficiently risk averse insuradd low marginal costs at
I (x) =0, the interval between the two lossesand x, which is compatible with

both equations, (10) and (16) may not include tleelian but be on its RHS.

Consequently, for strictly convex costs it is natet in general that the non-

negativity constraint is not binding if the probiéigiof loss is lower thari/2. For

2 |f the marginal indemnity is 1 ang =x, =X, the termc(i (x-x)) simplifies to
c'(x-x) Assuming non-negative constant marginal costsahows to rewrite

(16) as Cﬂx—i{)ﬁf()od)ejf@d%:CQx—X)[(]H)b—])=C , Which is zero ifX takes the

value of the median.



sharply increasing marginal costé, may deviate from the median considerably.
An imposed non-negativity constraint therefore banbinding more often than
Gollier suggests. The effect of a non-negativitystaaint to the insured is that
they are urged to accept higher marginal costedaae the variance of their final
wealth. This effect becomes most obvious for induwath risk aversion ap-
proaching infinity, inducing full marginal indemwitIin order to stabilize their
final income they can only buy full insurance aravé to bear the high marginal
costs of the high indemnity payments from the iasuFigure 2 summarizes the
range of optimal indemnity schedules for differelegrees of risk aversion and
different cost functions by highlighting some extiecases. If marginal costs are
zero (cases (a) and (b)) the insured will buy éoNerage or buy no insurance at
all (if confronted with high fixed costs of the urance contract, e.g. provision for
the agent). If marginal costs are positive but tamts(cases (c) and (d)), the in-
sured will always opt for full marginal indemnitjs risk aversion approaches
infinity, x_. and x, will tend towards the median of the loss distnbatas in
case (d). Case (e) represents the standard intyeschiedule for non-constant but
finite marginal costs and finite risk aversion. dldhat depending on the loss dis-
tribution X can be on the rhs or the lhs of the median. Caresdty, the optimal
indemnity schedule for infinitely risk averse indiuals cuts the abscissa not at

X (Case (f)).



Figure 2: Optimal indemnity schedules without the non-negativity constraint

on indemnities
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4. Self-insurance and self-protection
In the light of the arguments of sections 2 anah8urance schedules featuring
negative indemnities should be an attractive opfiorhealth insurance. However,
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until now information was assumed to be symmetycdistributed between in-
surers and insured. This section investigatesefrésults obtained so far are ro-
bust if we assume that insured can affect the dastsibution by hidden actions,

which are not observable by the insurers.

Following the terminology introduced by Ehrlich aBdcker (1972), individuals

can engage in two activities to reduce their exmbdibsses ex-ante: Self-
insurance and self-protection. While the formeruces$ the severity of a loss,
self-protection reduces the probability of a Id§she insurer cannot observe the
insured’s activities to adjust premiums individyalinformation becomes asym-

metric and moral hazard may arise.

The standard results for insurance contracts imgothie usual non-negativity
constraint of indemnities and actuarially fair prems can be found in the survey
by Winter (2000): Given non-decreasing absolutie-aigersion and a distribution
of losses that satisfies condition of the monotbkelihood ratio, an indemnity

schedule must not feature marginal indemnities edicgy one to encourage the
optimal level of self-insurance activities of thesured. Usually, less than full
marginal indemnity will turn out to be optimal. Tencourage effort to self-

protection (or synonymously: prevention), on theeothand, the optimal insur-
ance contract should show full marginal indemnigydnd a non-negative de-
ductible. The intuition behind the latter resulthsit full insurance cannot be op-
timal any more because it undermines any effontettuce the loss probability.
Since, on the other hand, the magnitude of a loss dot reveal any additional
information about the insured’s self-protectioniaties, the ‘penalty’ of the in-

sured should be based solely on the occurrence loksg rather than on its

amount.

For practical applications of negative indemnitiesirisurance markets that are
characterized by asymmetric information it is ieting and relevant to ask how
optimal insurance contracts change under moralrtdazéhe non-negativity con-

straint on indemnities is dropped. We will discbsgh, (1) self-insurance and (2)
self-protection, assuming (@) actuarially fair pnems (C'Ql(x)|)=0) and (b)
constant marginal costsC(QI(x)|)> 0, C"Ql(x)|):O), which is nothing else

than a linear loading.
11



4.1 Actuarially fair premiums

From sections 2 and 3 it is clear that the optimaurance schedule under sym-
metric information and actuarially fair premium®yides full insurance (see also
figure 2, cases (a) and (b)). To introduce moralah@, consider first actuarially
fair premiums and self-insurance. Since there areagative indemnities under
symmetric information as long as premiums are fhie, optimal contract under
self-insurance changes in exactly the same wayessritbed by Winter, i.e. mar-
ginal indemnities should usually be smaller thaa,dyut the optimal contract will
show no negative indemnities. In the case of salfgetion the optimal contract
will not feature a non-negative deductible but vaitbvide full marginal indem-
nity for all states of loss. However, to provideentives to self-protection, the
indemnity schedule must now prescribe a negatidenmity for low losses and
show a discontinuity at the no-loss state: If th&ured does not suffer a loss, no

transfers to the insurer beside the premium atdigds Figure 3 illustrates.

Figure 3: Actuarially fair premiums and self-protection

1(X) ‘

v

1(0)

However, the indemnity schedule shown in figurevgg rise to another incentive
problem: Insured who have suffered a small lossuah&ely to report this loss to
their insurance, since the only consequence fanthwuld be to receive a bill

from their insurers. The solution to this incentpr@blem is the standard deducti-
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ble contract Therefore, if the magnitude of the loss is notestaable by the in-
surer but has to be reported by the insured, thienapindemnity schedule is not

affected by disregarding the non-negativity constraf indemnities.

4.2 Constant marginal costs

Consider now positive but constant marginal coste (cases (c) and (d) in figure
2), so that, under symmetric information, the oplimontract would feature full

marginal indemnities outside the ran@e_,x+] and negative indemnities for
X< X_. This is not necessarily the case any more if ddit@nally introduce in-

formational asymmetries. To encourage self-insweaautivities the optimal con-
tract may still show positive and negative indemesitbut will not provide full

marginal indemnity for most amounts of insured Idasrtunately, as shown be-
fore, the same kind of indemnity schedule resdltwea introduce a non-linear
loading and disregard informational asymmetriesnngeguently, the basic proper-
ties of the insurance contract derived in sect@®d 3 remain unchanged if we

consider self-insurance only.

However, things are more complex if we combine-pedtection and premiums
containing a loading. To derive the optimal cortiraonsider a linear loading and

a prevention activitye which reduces the probabilityp(e) of the loss. Let
p'(e)<0 , p"(e)>0 and p'(0) =— . Since effort at prevention is not observ-

able by the insurer, insured will choose their gffo such that

e =argmax(1- p(e)) W (w-P-e+1(0))

(17) L :
+ p(e) DJ'U (W— P-x—-e+l (x))g(x)dx

x=0
which serves as the incentive-compatibility constréo the new maximization
problem. Our assumptions guarantee that condifi@h lfas an interior solution so
that it can be replaced by its first-order conditi8ince premiums are assumed to

contain a linear loading, the premium function neads as

® See also the model by Townsend (1979).
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(18) P= p(e)[EjI(x)f(x)dx+c_[|l(x)|g(x)dx ,

x=0
with ¢ denoting marginal costgy(x) represents the density function of nonzero

lossesx. The incentive-compatibility constraint (in theo of its first order con-
dition) and the new premium function can be inocogbed into the Hamiltonian.

Differentiating the new Hamiltonian w.r.t. the caoitvariablel (x), x> 0 yields:

oH
al(x)
(19) -Ap(e)1+cBgn( (x)]g(x) ,
p(e)U' (w=-P-x~-e+1(x))g(x)
+ U
[ﬁ— p(eU" (W-P-x-e+] (x))g(x)}

with g as the Lagrange multiplier for first-order conaliti of the incentive-
compatibility constraint.

= p(e) W' (w-P-x-e+1(x)g(x)

Applying the same manipulations as in (11) to 3)19) proves that the optimal
marginal indemnity is still 1 if indemnities aremaero, as proposed by Gollier in
his model for linear costs. However, it turns obatta consistent indemnity
schedule featuring positive and negative indensitiegght not exist. To show

this, (19) is rewritten as

U(A)tﬁlwp()J [’ (A)‘ U(A)Eﬁl up()] utJ"(A)‘

1-c 1+c

(20)

1<0 1>0
, with A=w-P-e-x+1(x). For indemnities approaching zero, (20) simplifies

to

U(B)Eﬁlwp(e)j [0"(B) U(B)Eﬁlwp(e)j 0"(B)

21 :
(21) 1-c 1+c

with B=w—-P-e—-x. The |lhs of (21) represents the lower boundand the rhs
the upper bound, . Since marginal indemnity is 1 for all non-zerdemnities, a
consistent indemnity schedule can only resuk ik x, , that is a lower net wealth

must result in a higher value of the numeratorsnfadly: In analogy to (10) the

14



first derivatives of the numerators of (20) w.iB. must be negative at an opti-

mum:

(22) U"(B) [ﬁlwwj—pu“'(s) <0.
p(e)

Employing the definition of absolute prudenEé\P(B) :_LLJJT(BB))) (22) might

be rewritten as)"(B) + ,u[U "(B)% + AP(B) [LU "(B)J <0, or

(23) u{ P , AP(B)} > 1.
p(e)

Let the incentive-compatibility constraint be bingi(x >0). Then, according to

(23), a consistent insurance contract featuringatieg indemnities for small
losses is feasible only if, in equilibrium, theate effect of prevention on the

probability of loss is not too strong (rememberttip&e) <0) and/or the insured

is sufficiently prudent. In other words: The indeas to further invest in preven-
tion must not be too strong in equilibrium. An ividiual never has an incentive to
invest in prevention if the effect of preventiomist strong enough. As shown by
Briys and Schlesinger (1990) and Chiu (2000), Hraeesis true for highly prudent
individuals? However, it is somewhat surprising that the shafpthe indemnity

schedule may change so much that the schedule lesdaononsistent.

If a consistent insurance schedule featuring negatidemnities is not feasible, it
Is possible to return to an insurance contract wah-negative indemnities only.
This contract would, again, show full marginal ireuce beyond a non-negative
deductible.

The results derived in this section show that negahdemnities are much less
attractive if we take into account self-protectistowever, this does not preclude

that negative indemnities for small losses cambegrated into a useful insurance

4 This is due to the fact that prevention doesradtuce the risk of a distribution
in terms of first-order or second-order stochadbtninance but increases the
downside risk (individuals may suffer a high risksgite their effort at preven-
tion, bearing expenses for prevention in additmmhe loss), which individuals
dislike the more the more prudent they are.
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policy in practice, e.g. for chronically ill persanf they are already ill at the time
they agree to the insurance contract, so that theyot engage into prevention
activities any more. In this case the incentive-patibility constraint (17) is not

binding and the results from sections 2 and 3 apply

5. Conclusion

The non-negativity constraint on indemnities is aoon in insurance economics.
Keeler (1974) and Gollier (1987) were the firsstmw that this constraint may be
binding under a certain cost function. By derivthg properties of an optimal in-
surance contract for a broader class of strictiyvea cost functions, this paper
shows that optimal marginal indemnity will be smealbr equal 1. Furthermore,
the optimal contract might contain negative indeaynpayments even if probabil-

ity of loss is less thafi/2. Both results should make negative indemnitieaat

tive for health insurance, especially for chroricdl individuals.

With respect to moral hazard, on the other hand,résults are somewhat am-
biguous: While integrating self-insurance consitlerss does not change the op-
timal indemnity schedule substantially, negativeeimnities for small losses can
turn out to not be optimal any more in the caspw® self-protection. However,

this is not to say, that negative indemnities car@opart of an insurance sched-

ule which is useful in practice, e.g. for chronigal persons.
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